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ABSTRACT
We prove that if a semiprime ring R possesses a derivation which is
integral over its extended centroid ' and whose constants satisfy a poly-
nomial identity, then R itself is a Pl-ring. This answers affirmatively a
problem raised by M. Smith in 1975 and recently again by Bergen and
Grzeszczuk [4].

0. Introduction

Rings considered here are always associative. We recall some notions and
meanwhile fix our notation:

Definition: Given a ring S and a subring R, for b € S, the centralizer of b
in R, denoted by Cg(b). is the subring {r € R | br = rb}. Assume that S is
an algebra with 1 over a commutative ring C. An element b € S is said to be
integral over C, if b" + o, b" ' + - - + o, = 0 for some 1,....q, € C.

In an algebra R with 1 over a commutative ring C, if b is integral over C, then
C'r(b) is considered to be large in the sense that nice properties of Cg(b) can bhe
usually extended to the whole ring R. Herstein and Neumann [10] initiated this
line of research by proving that the simplicity of C'r(b) implies the simplicity of
R, if R is semiprime and b € R is integral over the center Z of R. Under the
assumption that R is a semiprime algebra over a field C and b € R is algebraic
over C, Cohen [6] proved that if Cr(b) is semiprime Artinian (or right Goldie
respectively), then so is R. As polynomial identities (PIs) are powerful tools, one
naturally asks
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PROBLEM 1: Let R be a semiprime ring with extended centroid C. Assume that
b € R is integral over C. If Cr(b) is a Pl-ring, is R also a Pl-ring?

This was first formulated by Smith [21], p. 149 for the centroid instead of the
extended centroid. Even partial answers to this problem are very useful. See
[9] for instance. Firstly, Montgomery [18] confirmed this conjecture under the
assumption that R is a simple ring with 1 and b is power central. Smith [21]
improved this result by assuming that R is prime and that b € R is integral over
the centroid of R. About the same time, Rowen [20] also proved the same result
under the slightly different assumptions that R is prime, that b € R is algebraic
over the extended centroid C of R and also that p'(b) is invertible, where pu(X)
is the minimum polynomial of b over C. The extended centroid of a prime ring,
more general than the centroid, forms a field and is hence more natural to work
with. But Rowen’s last assumption on the minimum polynomial of b seems rather
peculiar and probably redundant in view of Smith’s neat statement. Anyway,
neither of Smith's or Rowen’s result actually implies the other. So the last word
on this problem was not yet uttered in the prime case! The complete answer for
prime rings is recently given by Bergen and Grzeszczuk’s result [4] in a far more
general context which we now explain:

Definition: (1) By a derivation of a ring R, we mean an additive map §: R — R
such that 6(z+y) = 6(x)+6(y) and 6(zy) = é(x)y+xd(y) for all z,y € R. Those
x € R with §(x) = 0 are called constants of §. For a subring S of R, we set
S(‘s)d:ef{r € S| 8(r) = 0}, the subring of constants of § in S.

(2) Let R be a semiprime ring with extended centroid C. By a continuous
derivation of R, we mean a derivation J of the symmetric Martindale quotient ring
Q of R such that 6(I) C R for an essential two-sided ideal I of R. Any derivation
of R can be uniquely extended to a derivation of (2 and hence is a continuous
derivation of R (Proposition 1.8.1 [14] or Proposition 2.5.1 [3]). A continuous
derivation § of R is said to be integral over C, if there exist o, ..., a, € C such
that §*(x) + 16" (z) + -+ a,z =0 for all z € R (and hence for all z € Q by
Theorem 8.4.1 [3]).

Bergen and Grzeszczuk's result [4] proves that, for a prime ring R with the
extended centroid C and for a continuous derivation ¢ of R which is algebraic
over C, if R® is a Pl-ring, then so is R. Let us consider a special instance of this
Theorem: Given b € R (or more generally b € @), the map ad(b): x — bx — xb
defines a continuous derivation of R and then Cr(b) consists of constants of ad(b)
in R. Obviously, ad(b) is algebraic over C if and only if so is b. In this context,
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Bergen and Grzeszczuk’s result asserts that if Cr(b) is PI, then so is R. This
gives a complete answer to Problem 1 in the prime case. Though Problem 1 in
the semiprime case is not answered vet (p. 736, [4]), it is natural to ask whether
Bergen and Grzeszczuk's result for prime rings can be extended to the semiprime
case, namely,

PrROBLEM 2: Let R be a semiprime ring with extended centroid C' and § a
continuous derivation of R integral over C. If R is a PLring, is R a PL-ring ?

Our main objective here is to settle this problem affirmatively. The basic
method to push results from prime rings to semiprime rings goes as follows:
Counsider R/ P for suitable prime ideals P. Make sure that all notions considered
(such as the derivation ¢) induce a well-defined notion on R/P and also that all
hypotheses imposed carry over to R/P. Apply then the result of the prime case
to R/P. Finally, deduce the validity of the conclusion on R from its validity
on these R/P. This method seems to be most natural but can be very difficult
sometimes. For example, for our problem here, we need a family of prime ideals
invariant under § to insure that & also induces a derivation on R/P. This is not
obvious at all. A very powerful method, which we will adopt here and also which
is particularly mentioned in Bergen and Grzeszczuk [4], is the theory of orthog-
onal completeness due to Beidar and Mikhalév [2]. This theory is essentially a
systematization of the above method in terms of first order logic for orthogonal
complete rings, which possess very nice prime ideals defined by central idempo-
tents. In applying this theory to our Prohlem 2, there are two crucial difficulties
encountered:

(1) The orthogonal completion of R may have more constants of 4 than the
original R has. It is not obvious that this larger set of constants still satisfies a
PI.

(2) The conclusion that each R/P satisfies a PI does not integrate to give a
PI of R. We need here a uniform bound for Pl-degrees of those R/P. simply
because it is implied by our desired conclusion that R has a PI. In other words,
we must estimate the Pl-degree of R in terms of the integral degree of § in the
prime case.

These difficulties show that a more careful analysis of the prime case is needed
to deal with the semiprime case. Merely the assertion that R() bheing a PI-
ring implies R heing a Pl-ring for a prime ring R does not scem enough for
such extension to the semiprime cage. Our solutions to these difficulties will be
explained in detail in the next section. Our strategy is to reduce outer derivations
to inner ones by Kharchenko's theory of differential identities and then to treat
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inner derivations by the theory of GPIs. Both of our tools, the theory of GPIs
and the theory of differential identities, have their semiprime versions ([3] and
[13]), which can also be considered as applications of the theory of orthogonal
completeness. With this, we could also work completely in semiprime rings. But
this approach seems to ohscure the key points with additional complications of
treating prime components all put together.

Finally, we must mention a generalization of our problems here: We may
consider the centralizer of a finite dimensional subalgebra or constants of a finite
dimensional (restricted) differential Lie algebra of derivations. A lot of interesting
work has been done in this direction. A recent work is [15]. But results in this
direction, when applied to a single element or derivation of a prime ring, do not
yield the full strength of Bergen and Grzeszczuk's result [4], which we have quoted
above. For example, Theorem 8.1 or 8.7 [15] requires, in addition to others, that
the subring of constants be semiprime. This is not always the case, as can be
easily seen in finite matrix rings over fields.

1. Results

Given b integral over a commutative ring C, the success for work of this type
depends crucially on the construction of a generalized polynomial commuting
with b as follows:

FacT A:  Given b in a C-algebra and a polynomial g(X) = Y 1, 3,—; X*, where
3; € C, we define

n i-1
X)) =3 m_i(zbjxw‘-f-‘)
i=1 =0
Then [b, §o(X)] = [g(b), X]. Particularly, if g(b) = 0, then [b, go(x)] = 0 for all .

Proof: For the first assertion, if g(X) = X", then

n—1

(X)) =D B XTI = XL BN 4 4 0TI X D+ 67X
Jj=0

A direct computation shows that [b, §,(X)] = [b", X] = [g(b), X]. The general
case follows by linear extension. The last assertion is obvious.

Our solution to the first difficulty is to replace the assumption that R‘®) satisfies
a PI by the following weaker one for a continuous derivation ¢ of a semiprime
ring R with symmetric Martindale quotient ring @:
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(H): There exists a multilinear polynomial f(Xy,...,X;) with coeflicients +1
satisfying the following: For any b€ Q and ¢; € Q¥,i =0,...,m— 1, such that
S e:6t = ad(b) and for any linear generalized polynomial (X ) = Z;c:l a; Xb;
such that [b,1(x)] = 0 for all x € R, we have

Pt e ) =0

i=1
for all y;,...,y: € Q.
We observe the following

Fact B: Let R be a semiprime ring with extended centroid C and § a
continuous derivation of R which is integral over C. If R is a Pl-ring, then Q
satisfies the hypothesis (H).

Proof: Since R® is a Pl-ring, it satisfies a multilinear polynomial identity
f(Xi,...,X;) with coefficients £1 ([1] or p. 59 Theorem 1 of [11]). Let ¢; € Q(®),
be@and(X)= Z;”f:l a;Xb; be as said in (H) above. For any 2 € @,

0=1[bl(x)] = Zciéi(l(m)) = 6<Zci6i_1(1(w))),
i=1 i=1

where the last equality follows by the assumption that ¢; € Q(®). By the conti-
nuity of 4, there exists an essential two-sided ideal I of R such that for all z and
ally € I, ¢;0' "1 (I(y)) € R. So we have ) i, ;6" (I(y)) € R for y € I. Since
f(X1,..., X¢)isaPIfor R®), the identity displayed in (H) holds for gy, ...,y; € I
and hence also holds for yi....,y: € @ by Theorem 3 of [16]. |

It is surprising that the weaker hypothesis (H) suffices to yield PIs for R (and
hence @ also). As our work is based on the thorough analysis of algebraic deriva-
tions given in Kharchenko [12], for easy reference, we quote this result as part
(1) of our Theorem 1 below:

THEOREM 1: Let R be a prime ring with extended centroid C and 8, a continuous
derivation of R which is algebraic over C. Assume that the subring R(‘s)d:ef{.r €
R | 6(x) = 0} is a Pl-ring or, more precisely. that the weaker hypothesis (H)
holds. Then the following holds:

(1) If char R = 0, then 6 = ad(b) for some b € Q). If char R = p > 0. then there
exists m > 0 such that 67", s =0,...,m— 1, are C-independent modulo X-inner
derivations and such that for some a; € C®) and b € Q(®,

m—1

"+ 4 amd = ad(b).
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Let ¢(X) = X ifcharR = 0 and ¢(X) = X?" + o, XP" + - + apX if
char R =p > 0.
(2) R (and hence Q) is a Pl-ring.
(3) For the b described in (1), R*®) and Cg(b) satisfy the same Pls over C.
(4) The minimal polynomial of § over C' is equal to u(¢(X)), where pu(X) is the
minimal polynomial of ad(b) over C'. In particular, deg {(X) - deg~ b < deg 6.
(5) Let deg b = v and let ¢ be the minimum of degrees of PIs satisfied by R®).
Then R satisfies Sq,(X1....,Xq). In particular, R satisfies Sgs(X1.. .., Xgs),
where s = deg 6.

Qur line of attacks for Theorem 1 goes as follows: Using part (1), we can show
that R is a Pl-ring under the weaker hypothesis (H). That is part (2). We are
now working in the nice PI-ring R and our problem is to estimate the PI-degree
of R in terms of deg. & and the PI-degree of R(®). To do this, we first show that
the Pl-degrees of R(®) and Cg(b) are actually the same. This is part (3). The
PI-degree of R can be easily estimated in terms of deg. b and the Pl-degree of
Cr(b). But we still have to relate the deg b to deg 6. This is done in part (4),
where the minimal polynomials of § and of ad(b) are nicely related. By combining
all these, we obtain our desired bound for the Pl-degree of R in part (5). The
second difficulty (2) mentioned in Section 0 is thus solved and an application of
theory of orthogonal completeness yields the main result:

THEOREM 2: Let R be a semiprime ring with extended centroid C' and ¢ a con-
tinuous derivation of R which is integral over C. If the subring R'®) of constants
of § in R is a Pl-ring, then so is R. Furthermore, if R satisfies a PI with coef-
ficients 1 of degree t, then R satisfies Sst(X1....,.Xst). where s is the integral
degree of § over C.

Strictly speaking, this is merely the semiprime version of part (5) of Theorem
1. The theory of orthogonal completeness actually yields a complete semiprime
version of Theorem 1: @ can be decomposed into a direct product so that
behaves on each factor just as in the prime case. For simplicity, let us be content
with the above sketch. Granted Theorem 1, we first give the proof of Theorem
2, which is somewhat routine now.

2. Proof of Theorem 2

As our tool here is Beidar and Mikhalév's theory of orthogonal completeness
[2], we recall the related notions and the main result of this theory: Our logical
symbols are: V (o7), A (and), = (not), — (if .... then ...). V¥ (for all...), 3 (there
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exists ...) and = (equals). We assume some familiarity with the basic notions of
the first order logic with equality such as formulae and sentences (i.e., formulae
without free variables). By a language, we mean a set of non-logical symbols
(or proper symbols}. The language of ring theory consists of two binary function
symbols + (plus), - (times) and a constant symbol 0. The language £ we need
here is the language of ring theory expanded by adjoining a function symbol §
intended to denote the derivation d under consideration. For clarity, we also
adopt the convention of omitting the multiplication function symbol - in writing
formulae. The concept of Horn formulae is defined inductively as follows:

(1) An atomic formula is a Horn formula.

(2) A disjunction of negated atomic formulae is a Horn formula.

(3) If @y, ...,0,, @ are atomic formulae, then the formula (1A - AQ,) > O
is a Horn formula.

(4) If v is a variable and © is a Horn formula, then Vv® and Jv® are also
Horn formulae.

(5) If @, and ©, are Horn formulae, then so is ©; A Os.
(6) All Horn formulae are obtained in this way.

A sentence of £ is said to be hereditary, if its truth on any given ring implies
its truth on any direct summand of this given ring. The main result of the theory
of orthogonal completeness for semiprime rings is the following:

THEOREM (Beidar and Mikhalév [2]): Let R be a semiprime ring with extended
centroid C. Assume that R is orthogonally complete with respect to the Boolean
ring B consisting of all idempotents in C'. Let L be the language as described
above. (1) Let ® be a sentence of L which is hereditary and whose negation -©
is logically equivalent to a Horn sentence. If @ holds on R, then © also holds on
R/P for any minimal prime ideal P of R. (2) Let © be logically equivalent to
a Horn sentence of L. If © holds on R/P for each minimal prime ideal P of R,
then © also holds on R.

We are now ready to give the proof of Theorem 2:

Proof of Theorem 2: Let R be as stated in Theorem 2. The symmetric Mar-
tindale quotient ring @ of R is orthogonally complete and satisfies the hypoth-
esis (H) by Fact B. Let f(X1....,X;) be a PI of R'® with coefficients all +1.
Let f(xy,...,x;) be the expression of f(X,...,. X:) in the language £. Let 1{x)
denote the expression Zf:] a;xb;. Consider the following formulae in our
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language:

O, vx([b,1(x)] = 0),

W, :8(c1)=0A---Aéb(c,) = 0/\\7’x<icj5j(x) = [b,x]),

j=1
Pin 3V§Y1“'VYt< (ZC](SJ H(y1)), Zc 6971 (yy) ):0).

If b, c;,a;, b; denote b,cj,a:,b; € Q respectively, then @ asserts that b com-
mutes with l(x)d—ef Z] La;xb; for all x € Q, ¥, asserts that each ¢; € Q) and
> i1 c;07 = ad(b), and finally @y ,, asserts that the displayed identity in (H)

holds on . Thus the hypothesis (H) is expressed in the language £ by

(%) VYbVay -« a,Vby---bpVer - ¢y (@p AT, - ®p ).

This sentence is obvious hereditary. Its negation is equivalent to:
3dbda; ---ax3by---beder - (O ATy A DBy ).

This negation is Horn, since @y, ¥, and -®y, ,, are all Horn. By the first part of
Beidar and Mikhalév's Theorem cited above, (x) also holds on any /P, where
P is any arbitrary minimal prime ideal of Q). In other words, the hypothesis
(H) is true in Q/P for any minimal prime ideal P of Q. Let g be the algebraic
degree of § over the extended centroid of Q/P. By (5) of Theorem 1, Q/P
satisfies the identity Sq¢(X1,...,Xq). Let s = degod. Since s > ¢, Q/P also
satisfies Sst(X1, ..., Xs¢). This is true for any minimal prime ideal P of Q. Let
Ss:(X1, ..., Xs) be expressed in our language by the expression Sg (%1, ..., Xg¢).
The sentence
VX1 - Xot (Set(X1, .- 1 Xgt) = 0)

is obviously Horn and holds on @/P for any minimal prime ideal P of Q. By
the second part of Beidar and Mikhalév’s Theorem, this sentence also holds on
Q. Thus, @ also satisfies Sg(X1,...,Xst) as asserted.

3. Proof of Theorem 1

We recall that the socle of R, denoted by soc(R), is defined to be the sum of
all minimal right ideals of R. This is right-left symmetric for a prime ring R:
soc(R) is also equal to the sum of all minimal left ideals of R. The following fact
analyzes GPIs of prime rings and plays a crucial role here:
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Fact C: Let R be a prime ring with extended centroid C and satisfy a multi-
linear GPI f(X1,..., X;) with coefficients in the symmetric Martindale quotient
ring Q. Write f(X;,..., X:) in the form

m
Za’ing’i(‘Y?n s v‘Yt) + h(‘Ylv .- "X’t)’

where a; € () are C-independent modulo soc(Q)) and where h(X1, ..., X}) consists
of a sum of monomials in the form & X, b2 Xy, - - - 0: X, 0141 with by € soc(Q) or
iy # 1. Then h(X1,...,X}) and all g;(X,, ..., Xy) are also GPIs of R.

Proof: By Theorem 6.4.1 [3] or Theorem 2 [5], R and @ satisfy the same GPIs
with coefficients in ). We may thus assume that B = (. We also assume
t > 2, for otherwise f(X1,...,X;) would be linear and hence trivial by [17]. For
T, ..., € soc(R), since soc(R)R C R and also since h{Xy,..., X;) consists of
monomials in the form b,.X; 02X, - - 6,.X;, 0,41 with by € soc(R) or 41 # 1, we

may write
n

h(Xl,IQ, . ..L‘g) = ZCj)&rldj,
j=1
where ¢; € soc(R), d; € R. We may further assume that ¢; € soc(R) are
C-independent by rewriting c¢; as linear combinations of a C-basis of soc(R).

Setting bidéfgi(xg, ..., X)), we have

m
f( Xy 2o,.... 1 :Zal‘ 19i(xa, . x) + R(Xq, 10, ... 1)
= a:X1b +Zc,‘\ d;.
i=1 i=1

This is a linear GPI for R and must be trivial by [17]. Since ¢; € soc(R) and
since a; are assumed to be C-independent modulo soc(R), we see that b, =
gi(xa,...,x¢) = 0 for each i. But xg,...,r; € soc(R) are arbitrary. So each
gi(Xa,...,X;) is a GPI for soc(R) and hence for R by Theorem 2 of [5] (or
Theorem 6.4.1 [3]).

Now, we are ready for the proof of Theorem 1: From now on, R is a prime
ring and J is a continuous derivation algebraic over C' such that the hypothesis
(H) is satisfied. For easy reference, we reproduce the proof of part (1) in [12]:

Proof of (1) of Theorem 1: 1In the case of char R = 0, if § is outer, then all 6°,
5 2> 0, are regular words in 4. Since § is algebraic over C, R satisfies a differential
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identity d™(X) + a10™ Y X) + --+ + and(X). By Kharchenko’s Theorem 1
[12], R satisfies the GPI X, + 01 X1 + -+ + @ X0, where X; are distinct
indeterminates. This is absurd. So ¢ is X-inner, i.e., 6 = ad(b) for some b € Q.

In the case of charR = p > 0, if 6, 0 < 7 < m, are C-independent modulo
X-inner derivations, then for given 0 < s < p™, by writing s = so + s;p+ - +
Sm-1p™ ! with each 0 < s; < p, we see that §° = ((57’"H)5m—1 - (6P)514%0 s
a regular word in derivations 6, 0 < i < m, linearly ordered by § < & <
P LA Again, by Corollaries 2 and 3 to Kharchenko’s Theorem 1 [12], any
differential identity of the form

X))+ apd" HX) + - Fan X, n<p™,

yields the GPI X,, + o1 X,,_1 +- - - + &, X, where X; are distinct indeterminates,
which implies R = 0, absurd. Therefore, the algebraic degree over C of § must
be > p™. So there is a largest m > 0 such that 5”i, 0 <1< m, are C-
independent modulo X-inner derivations. Then 67" is a C-linear combination of
87", 0 < i < m, modulo X-inner derivations:

"+ a8 4 amd = ad(b)

for some o; € C and b € . By the minimality of m we see that a; € C'%) and
be Q¥ as asserted.

In the sequel, we will need the fact that 6°, 0 < s < p™, are distinct regular
words in derivations Jpj, 0 < j < m (in the case of char R = p > 0). It is also
interesting to observe that any powers of é may be uniquely written as a C-linear
combination of 4%, 0 < s < p™.

Proof of (2) of Theorem 1: Since R and its symmetric Martindale quotient ring
Q satisfy the same differential identities by Theorem 2 of [16], Q also satisfies the
hypothesis (H). We may thus assume @ = R here. For notational convenience,
we set

et the identity map if char R = 0,
T @b M+ oy, ifcharR=p > 0.

So §H = ad(b) always holds no matter whether char R = 0 or charR = p > 0.
Let f(Xi,....X;) denote the polynomial asserted to exist in (H). In terms of
H, the hypothesis (H) says that if b commutes with a linear GP I(X) in the
sense that [b,l{x)] = 0 for all * € R, then R satisfies the differential identity
f(H(l(Yl)), .. .,H(l(Yt))). Let g{(X) be the minimal polynomial of b over C.



Vol. 138, 2003 ALGEBRAIC DERIVATIONS SATISFYING A POLYNOMIAL IDENTITY 53

Claim 1:  f(gs(X1).....85(X¢)) is a GPI of R: By Fact A, b commutes with the
linear polynomial g,(.X'). By the hypothesis (H), the differential identity

) FH(Go(X1)), - H(§o(X0)))

holds for . If char R = 0, then H is the identity map and (1) is already the
asserted GPL. So let char R = p > 0 and hence H = 5”m‘1+a1(5”m_1"1+' s
Since §,(X;) is linear in Xy, H(gs(X;)) is equal to hy (67" ~1(X;)) plus terms with
67(X;), j <p™—1. So (1) is equal to

F@(0P" 71X D), - ge(677 TH X))

plus terms with 6/(X;), j < p™ — 1. As said in part (1), 6%, 0 < s < p™, are
regular words in 67", 0 < i < m — 1. Our expansion of {T) above is thus reduced.
We apply Kharchenko’s Theorem 2 [13] to (}) by substituting new indeterminates
Y; for 6P ~1(X;) and 0 for all other §7(X;), 0 < j < p™ — 1. The asserted GPI
(with X; replaced by Y;) follows. This proves our Claim 1.

If g(.Y) is of degree n, then 1.b,...,6" ! are C-independent and the asserted
GPI of Claim 1, involving the term X5"~!--. X;b"~1 nontrivially, must be non-
trivial. It follows from Martindale’s Theorem [17] that R has nonzero socle and
its skew field is finite C-dimensional.

Let h(.X') be the monic polynomial, with coefficients in C, of minimal degree
n > 1 such that h(b) € soc(R). Since b is algebraic over C, such a polynomial
h{X') does exist. We may call h{X') the minimal polynomial over C of b modulo
soc(R). By Litoff’s Theorem [7], there exists an idempotent e € soc(R) such that
h(b) € eRe. We refine our first claim as follows:

Claim 2: f(hy((1 — €)X 1(1 —€)),..., hs((1 — €)X;(1 —€))) is a GPI of R: For
y € R, we have

[, 7o((1 — €)y(1 = €))] = [A(b), (1 = €)y(1 ~ €)] = [eh(b)e, (1 — e)y(1 — €)] = 0.

So the linear polynomial /({1 — €)Y (1—e)) commutes with b. By the hypothesis
(H), the differential identity

() FH(ho((1 = e)Y1(1 = €))),.... H(hy((1 - e)¥:(1 - ¢))))

holds for @. If char R = 0, then H is the identity map and (1) is the asserted
GPI (with X; replaced by ;). So we assume char R = p > 0. In this case, H =
8" a8 T b o, Since hp(X;) is linear in Xy, H(hy((1—€)Yi(1—¢)))
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is equal to hs((1 — €)6?" ~1(Y;)(1 — ¢)) plus terms with 67(Y;), j < p™ ~ 1. So
(1) is equal to

Flho((1= )" T V1)(1 =€), (1= )87 T (V3)(1 - €)))

plus terms with some 67 (Y;), j < p™ — 1. As said in part (1), §%, 0 < s < p™,
are regular words in 6”i, 0 < i <m-—1. So our expansion of () above is
reduced and Kharchenko’s Theorem may be applied. Replacing 67" ~1(Y;) by
new indeterminates X; and all other 87(Y;), 0 < j < p™ — 1 by 0, we obtain the
asserted GPI. This proves our claim.

If e = 1, then R is finite C-dimensional and is hence a Pl-ring. We are done in
this case. We thus assume towards a contradiction that e # 1. Let k% deg h(X).
Recall that f(Xi,...,X;) has coefficients +1. By reindexing, we may assume
that the monomial X;Xs--- X; occurs in f(X1,...,X;). Write

f(X1, .., X)) =X Xe, o X))+ (X, .., Xy,

where hy(X7,...,X;) consists of monomials starting with some X, j > 1. Claim
2 says that

ho((1 = ) X1(1 = ) fr(he{(1 — ) X2(1 = €)),..., hu((1 — €)X (1 — €)))
+ Ry (ho((1 = ) X1(1 = €))..... hp((1 — )X, (1 — €)))

is a GPI for R. The expression hy((1 — €)X1(1 — €)) is a sum of terms starting
with b/(1—€)X1, 5 =0,...,k—1, and the only term starting with 4*~1(1—e) X,
is b*=1(1 — ¢)X1(1 ~ €). Observe that b¥=1(1 —e),...,b(1 —€),(1 — €) are C-
independent, modulo soc(R), for ¥ v;p¥~(1 — e} € soc(R), v € C, implies
K bt = b1 — ) + S0 7ibF e € soc(R) and hence all y; =0
by the minimality of k¥ = deg h(X'). Apply Fact C to the identity of Claim 2 thus
expressed above. The expression after ¥*~1(1 — €)X yields the GPI of R:

(1-e)f1(ho((1 = ) Xa(1 = €)),.., hy((1 = €) Xi(1 = €))).

The polynomial f;(Xa,...,X;) has the degree ¢ — 1 and contains the monomial
XoX3--- X;. Write

fl(‘X’21 o vXt) = X2f2<X37 s "X’t) + hQ(AYQw . '1‘Yt)w

where hg(X3, ..., X;) consists of monomials starting with some Xj;, j > 2. We
observe similarly the C-independence of (1—e)b*~1(1—¢),..., (1—€)b(1—e), (1—e)
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modulo soc(R). An analogous application of Fact C yields the following GPI of
R:

Fa(ho((1 = €)X3(L =€), -, o((1 — €) Xo(1 ~ €))).

Continuing in this manner, we finally obtain the GPT h,((1 — €)X;(1 — ¢)) of R.
But Fact C applies to this GPI as well and yields a desired contradiction.

We digress here for the following fact, which is implicit in [13]:

Fact D: Let R be a prime Plring with center Z and extended centroid C.
Suppose that Y"1, ¢;(Aj(zx))a; = 0 for all 2, € Z, where a; € Q, where ¢;(Z;x)
are polynomials over C' in commuting variables Z;; and where A; are distinct
regular words in an ordered set of independent outer derivations of () (modulo
X-inner derivations). Then Y " | ¢;(zjx)a; = 0 for all z;, € C.

Proof: A derivation of @ vanishing on C must be X-inner ([13], p. 68]). So
the restriction to Z of an independent set of X-outer derivations of @ (modulo
X-inner derivations) yields a C-independent set of derivations of C, which can
be ordered in the same way. In this sense, restrictions to C of regular derivation
words for @) give rise to regular derivation words for C.

Pick a C-basis {b1,...,b:} of @ and write a; = Z:nzl Bimbm, where i, € C.
By the C-independence of b;, our assumption that

n ot

z Z ﬁimbm(bi(Aj(:k)) =0

i=1m=1
for all z;, € Z implies that for each m. 3 i, Bim®i(Aj(zx)) = 0 for all 2 € Z.
Note that C is the quotient field of Z. Applying Kharchenko’s Theorem to these
differential identities of Z, we see that each > .| Bim®i(Z;x) is a GPI for C.
Thus Y7, ¢i(zjk)a; = 0 for all zj;, € C, as asserted. |

We are now ready to give the

Proofof (3) of Theorem 1: If char R = 0, then § = ad(b) and hence R®) = Cg(b).
The conclusion is trivially true in this case. We may thus assume char R = p > 0.
It is clear that R(®) C C'r(b), implying that each PI for Cr(b) is also satisfied by
R©). For the converse, let h(Xy,...,X,) be a PI for R®) and fix y1,...,ys €
Cr(b). We aim to show h(y1,...,¥s) = 0: The polynomial identity h(X;, ..., X,)
of R® is nontrivial, for otherwise, there will be nothing to prove. It follows from
part (2) of Theorem 1 that R is a prime Pl-ring. By continuity of 4, there exists
a two-sided ideal I # 0 of R such that 6(J) C R. A simple induction shows that
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§(I%) € I*~! and hence 6*(I*) C R for k > 1. By [19], C is the quotient field
of the center Z(I) of I. Pick f € Z{I) such that £a; € Z(I) for all o; in the
expression H' 67" ~14+.0,6°" " ~14 ... 4 a,,. Note that §(6P) = 0. Set y=¢2™,
For arbitrary 3 in the center Z(R) of R, we have

H(By:) =6 H(3y:)

=€7" " E Bye) + € s THE Byi) o+ € amByi € R,
Also, §(vH(Py:)) = vdH(By;) = ~[b, By;] = 0. This implies that vH(By;) €
R©). Thus we see that h(vH(B1y1),..-.7H(Bsys)) = 0 for arbitrarily given
B1,..-,Bs € Z(R). Apply Fact D to this identity by substituting distinct inde-
terminates Z; for 67" ~1(3;) and O for all other 6/(5;), j # p™ — 1. We obtain
the identity f(vZ1y1,...,7Zsys) for C. By setting Z; = v71, f(y1,...,ys) =0
follows as asserted.

Proof of (4) of Theorem 1: Let p(X} and p{X ) be respectively the minimal poly-
nomials over C of § and of ad(b). Clearly, both polynomials have their coefficients
in the subfield CO%{a € C | 6(a) = 0}. Write p(X) = S5, €(X)iq;(X) with
each deg¢q;(X) < deg¢(X) = p™ — 1. (Divide p(X) by ¢(X). The remainder
is go(X). Divide the quotient obtained by ¢(X) again. The remainder is ¢1(X)
and so on.) Since both p(X) and ¢(X) have their coefficients in C(®), so has each
gi(X). For x € R,

8

=Y 0(8)'q:(8)(x) = Y ad(b)'qi(6)(x).
i=0

i=0
That is,

Zm {(@:(3)(X))

is a differential identity for R. Let k be the degree of qs( () and write ¢5;(X) =
BsX* 4 .- with B, # 0. Suppose that ¢;(X) = -+ + 3;X*¥ + .- for j < s.
Since 6%, 0 < s < p™ — 1, are distinct regular words in 5"i, 0<i<m-1,
Kharchenko's Theorem applied to the above differential identity yields the GPI
Zj:o 3;ad(b)/(X) for R. So ad(b) also satisfies the polynomial }% i=0Bj X7,
Hence deg (X)) < s by the minimality of p(X). Thus

degp(X) > s(deg 0(.X)} > deg u(.X) deg ((X).

On the other hand, u(¢(6)) = p(ad(d)) = 0. By the minimality of p(X), p(X)
divides p(¢( X)) and hence deg p(X) < deg (X)) deg €(X). By comparing degrees,
p(X) = p(l(X)) follows.
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For the last statement, it suffices to show that deg. b < deg- ad(b): Set k =
deg. ad(b). Then there exist 31...., 3,1 € C such that

ad(b)*(x) + B ad(®)* Y (x) + - + Br_rad(b)(z) = 0

for all r € R. Expanding this and collecting terms according to their left coef-
ficients 1,b, . ..,b*, we obtain the linear GPT 0¥ X + 3% 6%~ Xq, for R, where
a; € Q. In view of Lemma 1 [17], the elements 1,5, .. .. bF are C-dependent,
implying that deg b < deg. ad(b), as asserted.

Proof of (5) of Theorem 1: Firstly, since R(®) and Cg(b) satisty the same Pls
over (' by part (3). we may simply assutue o = ad(b). By part (2), R is a PI-
ring. By Posner's Theorem (p. 57 [11]). the center Z(R) of R is nonzero and,
moreover, both Q and C' are merely the localizations of R and Z(R) at Z(R)\ {0}
respectively. A direct computation shows that C'o(b) = Cr(b)C. Obviously,
Cr(b) and C'r(b)C satisfy the same multilinear Pls. Via linearization. if C'r(b)
(or C'r(b)C respectively) satisfies a PI, then it also satisfies a multilinear PI of
the same degree. Therefore, the minimuwm of degrees of Pls satisfied by Cr(b) is
actually equal to the PI-degree of Co(b) = Cr(b)C'. We may thus assume that
R=@Q=RC.

Let F denote the algebraic closure of (. Then Q: 'F is the ring of n
n matrices over F for some finite n > 1. A direct computatlon shows that
C’QL:,F(wal) Co(b )v F. Again, Q, Q~ iF" are of the same PI-degree and C(b),
CQ‘ \p( 51 1) are also of the same PI- degmo Replacing R by QQF we shall
assume that R is the ring of n X n matrices over an algehraically closed field C.
By Amitsur-Levitzki's theorem (p. 21 [11]), R satisfies Sa,, (X, ..., X2z). Let
qd:eftho Pl-degree of C'r(h). It suffices to show that ¢ - deg b > 2n.

For simplicity, we adopt the following terminology from Herstein'’s Topics in
Algebra (p. 273 [8]): A &k x n matrix is said to be of size ¥ by n. A k by k
scuare matrix is said to be of size &k only. By the principal diagonal of a k x n
matrix, we mean the entries in the positions (i, ), and by the super diagonal of
a k& x n matrix, we mean the entries in the positions (2.7 + 1), wherever they are
defined. Consider matrices over a field C'. By a Jordan block belonging to A € C,
we mean a square matrix with A on the principal diagonal, with 1 on the super
diagonal and with 0 clsewhere:
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A square matrix is said to be in the Jordan normal form, if it is of the form

Ji 0 - 0
0 Jy --- 0

(1) ,
0 0 - Ji

where each J; is a Jordan block belonging to some \; € C.

Cast 1: The minimum polynomial of b is of the form (z — A)”: We may assume
that b is in the Jordan normal form (1), where each J; is a Jordan block of size m;
belonging to A. By reordering, we may assume that v = m; > mg > -+ > my.
Any element a € R may be written in the form

All A12 e Alk

Ay Asp - Am
(2) “=1 S N

At Az o Awe

where each A;; is a matrix of size m; by m;. Foreach 1 <i < j <k, lete;; € R
be the matrix, written in the form (2) above, where Ay = 0 for (s,t) # (i, )
and where A;; is the m; by m; matrix with 1 on its principal diagonal and
with O elsewhere. Using the assumption m; > m; for ¢ < j, we verify easily
that e;; € Cr(b) for each 1 < ¢ < j < k. Also, for ¢ < j and s < ¢, a direct
computation shows that

€ity lf_] =S.

0, ifj#s;
€ij€st = { J 75

Assume towards a contradiction that the PI-degree ¢ of Cgr(b) is < 2k. Without
loss of generality, we may assume that Cr(b) satisfies a multilinear PI of the form
(X, Xo o X)) = XX - X+,
where the dots denote the sum of terms different from Xy X5 --- Xop—;. We set
Xi=en, Xo=e12, Xz =e€22....,Xop_1 = €.

We have p(ey,e12, €22, ..., €ekk) = €ig # 0, a contradiction. So the Pl-degree ¢
of Cr(b) is > 2k. With this, we have qu > 2kv > 2(my +ma + -+ -+ my) = 2n,
as asserted.
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Case 2:  The minimum polynomial of b is of the form (x — A{)™ - -+ (2 — As)™,
where the \;’s are distinct. Set kg = 0. We may assume that Ji, , 11,..., Jk,_, +&,
consist of all Jordan blocks helonging to A; and n; is the sum of their sizes. We
may thus write b in the form

By 0 -+ 0

0 By - 0
b= ,

0 0 - B

where each B; is the square matrix of size n;:

A 0 0
0 Joizz - 0
B; =
0 0 o Tk

Let R; be the ring of n; by n; matrices over C and let ¢; be the PI-degree of
Cr,(B;). The minimal polynomial of B; is obviously (X — X;)™:, where m; is
the maximum of the sizes of J,, k;—1 < s < kj—1 + k;. We have ¢;m; > 2n; by
Case 1. Any a € R may be written in the form

Ay A o Ay

Apy Ay 0 Ay
a=| | o .

Asl AsZ ot Ass

where A;; is the matrix of size n; by n;. If A;; € Cg, (B;) and all other 4, =0,
then @ € C'r(b). In this manner, Cr, (B;) is naturally embedded as a subring of

Cr(b). So the Pl-degree q of Cr(b) is > the Pl-degree ¢; of each Cg,(B;). Note

z/défdegcv b=mi+---+mg. Thus qv =q(my+---+m;) > qamy +---+q,m; >

2(ny + - -+ ng) = 2n, as asserted. This completes the proof of (5).
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